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Population balance models (PBMs) are widely used to describe the dynamics of par-
ticulate systems. The simulation of PBMs becomes challenging with increasing num-
bers of dimensions and integral terms associated with phenomena, such as coalescence
and breakage, which has motivated efforts to develop more computationally efficient
numerical algorithms. This article presents high-resolution finite-volume methods for
the parallel simulation of PBMs that scale well to ;100 processors on a linux cluster.
The high-resolution methods provide second-order accuracy with an accurate tracking
of sharp fronts. The ParticleSolver software implementing these methods is verified by
application to PBMs for (1) aerosol coagulation and condensation, (2) the formation
of gold nanoparticles by nucleation, disproportionation, and coagulation, and (3) the
nucleation and growth of inorganic crystals with a time-varying shape distribution.
� 2008 American Institute of Chemical Engineers AIChE J, 54: 1449–1458, 2008
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Introduction

Particulate processes are industrially prevalent and include
melt and solution crystallization,1,2 bioreactors of microbial
cell culture,3 and emulsion and suspension polymerization.4,5

The properties of the end products of these processes typi-
cally depend on the distribution of the particulate characteris-
tics.6 Population balance models (PBMs) describe the time
trajectory of the particulate distribution by way of a hyper-
bolic* (integro-)partial differential equation whose analytical
solution is intractable except for simple cases. For these rea-

sons, considerable efforts have been put forth to develop nu-
merical methods for simulating PBMs.7,8

A population balance equation (PBE) has the form of

@f ðx; tÞ
@t

þ @ðGðx; tÞf ðx; tÞÞ
@x

¼ hðx; t; f ðx; tÞÞ (1)

where f(x,t) is the distribution function (also called the popula-
tion density), t is time, x is an internal coordinate (e.g., size,
mass, or age), G(x,t) is the (state) velocity at time t, and h(x,t,f)
is the generation-disappearance rate of particles, i.e., source
and sink terms. For example, in crystallization, x is the size of
crystals measured by length or volume, f(x,t) is the crystal size
distribution (CSD), G(x,t) is the growth rate, and h(x,t,f) con-
solidates all processes involving crystal birth and death. More
generally, birth and death of particles can arise from a wide
range of processes, including nucleation, aggregation/coagula-
tion, and breakage/attrition. The rates of such processes usu-
ally depend on some integral functions of the crystal size dis-

Correspondence concerning this article should be addressed to R. Gunawan at
chegr@nus.edu.sg.

� 2008 American Institute of Chemical Engineers

* A PBE can also include terms such as growth dispersion which are modeled
by parabolic term(s), but such PBEs are much easier to solve numerically than the
hyperbolic case. So the focus here as in the vast majority of past articles in the lit-
erature is on the hyperbolic case. Nearly all methods for solving the hyperbolic
PBE, including those in this article, can be used to solve a PBE with parabolic
terms by just lumping the parabolic terms in the right-hand side of the PBE (1).
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tribution, and thus the PBE in general is an integro-partial dif-
ferential equation. In addition, if the distribution function
depends on multiple internal coordinates or is spatially varying,
then the distribution of particles is described by a multidimen-
sional PBE in which the second term in (1) is replaced by a
summation over all of the elements of the system coordinates.

Since several reviews of the various methods for simulating
PBEs are available including their pros and cons,7–10 the focus
here will only be on the most relevant methods. Finite-differ-
ence methods (FDMs) were popular in the 1990s because of
their simplicity and ease of extension to multidimensional sim-
ulations. However, these methods perform poorly in tracking
particle distributions with sharp fronts (discontinuities), where
first-order methods give numerical diffusion and second-order
methods introduce numerical dispersion that results in non-
physical oscillations. More recently, high-resolution finite-vol-
ume (HRFV) methods developed primarily to solve the hyper-
bolic equations that arise in astrophysics and gas dynamics11

were adapted for the solution of multidimensional PBEs with
size-independent growth rates.12 These methods avoid numeri-
cal dispersion while suppressing numerical diffusion by adding
a weighted anti-diffusion term, where the weight is a function
of the local smoothness of the distribution. Subsequent articles
developed HRFV algorithms for particulate processes with
size-dependent growth rates,13,14 combinations of growth,
nucleation and aggregation,15 and spatially varying distribu-
tions,16,17 as well as incorporating adaptive meshing for fur-
ther improvements in computational efficiency.18

There has been much recent interest in coupling the solu-
tion of PBEs with computational fluid dynamics to assess the
effects of nonideal mixing on the particle size distribu-
tion.17,19–22 This involves solving a spatially varying PBE,
which typically has four or more coordinates (three spatial
coordinates and one or more internal coordinates). Typically
such simulations require on the order of a day. Further, there
is interest in incorporating PBEs for complex particulate
processes within optimization algorithms to enable the design
and control of particle size,23–25 in which case it would be
desired to simulate a PBE within seconds to minutes. This
motivates the development of numerical algorithms for solv-
ing PBEs with orders-of-magnitude speedup.

This article addresses this need through the parallel imple-
mentation of HRFV algorithms. The numerical algorithms
are implemented as Fortran subroutines which provide vari-
ous HRFV methods for solving general one- and two-dimen-
sional PBEs. The subroutines also provide the basis for simu-
lating higher dimensional systems through application of the
dimensional (Godunov’s) splitting method. The numerical
performance of the parallel implementations is demonstrated
for aerosol coagulation and condensation, gold nanoparticle
formation, and the crystallization of potassium dihydrogen
phosphate (KDP) crystals with a time-varying shape distribu-
tion. The results were compared to that obtained using the
standard algorithms for solving PBEs-the upwind and the
Lax–Wendroff methods. The serial and parallel Fortran sub-
routines are available in the ParticleSolver software.26

High-Resolution Algorithms

HRFV methods were originally developed for simulating
hyperbolic systems of conservation equations, which typi-

cally arise in modeling the motion of shock waves in fluids.
There are two equivalent forms of the conservation law11:
the differential form

@uðz; tÞ
@t

þ @

@z
Fðz; t; uÞ ¼ 0; (2)

and the integral form

d

dt

Zz2
z1

uðz; tÞ dz ¼ Fðz1; t; uðz1; tÞÞ � Fðz2; t; uðz2; tÞÞ (3)

where z and u denote the spatial and state variables, respec-
tively, and F(z,t,u) is called the flux function. The integral
form describes a mass or quantity balance, where the change
in the total quantity equals to the sum of the fluxes at the
boundaries z1 and z2. Integrating both sides of the PBE (1)
with respect to x results in the corresponding integral form

d

dt

Zx1
x1

f ðx; tÞ dx ¼ Gðx1; tÞf ðx1; tÞ � Gðx2; tÞf ðx2; tÞ

þ
Zx2
x1

hðx; t; f Þ dx ð4Þ

which is similar to (3) except for the last term. The integral
form of the PBE (4) describes the particle count/number bal-
ance, where the number of particles of states between x1 and
x2 changes due to the velocity in the state space (such as
crystal growth) and the particle generation-disappearance
processes. Although HRFV methods for (3) do not directly
apply to the PBE (4) due to the nonhomogenous integral
term associated with h(x,t,f), the extra term can be handled
by employing fractional-step methods such as Godunov’s or
Strang’s splitting (as summarized later in this article).

Finite-volume methods (FVMs) are based on the integral
form of the conservation law, with various FVMs resulting
from using different approximations to the flux function
F(z,t,u). In contrast, FDMs are designed to solve the differen-
tial form by approximating the derivatives with finite-differ-
ence approximations. The interpretations of the simulation
results differ between the two classes of methods. If the state
space is divided into a finite number of intervals or grid cells
centered on xn, then the value f mn in FVMs represents the
averaged f(x,t) over the nth grid cell:

f mn � 1

Dx

ZxNþ1
2
Dx

xN�1
2
Dx

f ðx; tmÞ dx; (5)

where Dx is the size of the cell and tm is the m-th time point
(tm) 5 mDt. In contrast, the variable f mn in FDMs typically
describes the value of f(x,t) at the state xn and time tm, i.e.,
f mn 5 f(xn,tm). That is, FVMs return the time evolution of the
quantity averaged over subregions in the state space, while
FDMs give the time evolution of the quantity at specific
points in the state space. While this manuscript uses a uni-
form cell size, a nonuniform mesh can be used to further
improve computational efficiency for PBEs with orders of
magnitude differences in the size range.18
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The (explicit) finite-volume time-marching algorithm for a
homogeneous PBE (h(x,t,f) 5 0) can be derived from (3) to
give

f mþ1
n ¼ f mn � Dt

Dx
ðFm

nþ1=2 � Fm
n�1=2Þ; (6)

where the term Fm
n�1=2(F

m
n11/2) describes the time-average

flux of particles through the left (right) boundary of the cell.
Since the exact value for the flux function is generally diffi-
cult to obtain, its approximation is used in the finite-volume
time-marching algorithm. High-resolution methods are
hybrids between a first-order flux approximation that behaves
well around discontinuities and a higher order flux function
that gives good accuracy in the smooth region of the solu-
tion. In general, high-resolution methods use a corrective
(antidiffusive) term to improve the accuracy of a first-order
method. For example, such a correction term can be based
on a modification of the anti-diffusive flux function used in
the Lax–Wendroff method. The modification is in the use of
a flux limiter function to control the degree of correction as
needed, depending on the smoothness of the solution. That
is, through weighting functions, the corrective actions should
be minimal around discontinuities as to preserve the benefits
of the first-order flux function in tracking sharp fronts, and
should be maximal in the smooth region of the solutions to
attain the most accurate solutions and to attenuate numerical
diffusion. Numerous high-resolution algorithms can arise not
only from selecting different combinations of first-order flux
function and anti-diffusive term, but also from choosing vari-
ous flux limiter functions. The formulation of various HRFV
algorithms for PBEs have previously been reported13,14 and a
selection of flux limiter functions is available.11

The standard high-resolution algorithms are applicable to
homogeneous one-dimensional PBEs. Since PBMs are gener-
ally multidimensional and nonhomogenous, a dimensional
splitting technique can be used to decompose the multidi-
mensional PBE into multiple one-dimensional problems, in
which any high-resolution (or 1D-time-marching) algorithm
can be sequentially applied.12,13 This decomposition, which
is also known as Godunov’s splitting, belongs to the class of
fractional step methods. The nonhomogenous term can also
be treated in a similar manner using Godunov’s splitting. At
each time step, the time-marching algorithm consists of a
high-resolution update along each dimension, followed by
the addition of the nonhomogenous contribution.

Particulate Aggregation

Aggregation models are usually written in terms of particle
volume, since the total volume of particles is conserved with
two particles collide to from a larger particle. The rates of
appearance of larger particles and disappearance of smaller
particles are given by

Bðv; tÞ ¼ 1

2

Zv

0

bðv� e; eÞf ðv� e; tÞf ðe; tÞ de (7)

Dðv; tÞ ¼ f ðv; tÞ
Z1
0

bðv; eÞf ðe; tÞ de; (8)

where B(v,t) and D(v,t) denote the birth and death rates of
particles of volume v, respectively, and b(v,e) is the coales-
cence kernel that describes the collision frequency between
particles of volumes v and e creating a particle of volume
v 1 e.27–30 In crystallization processes, the crystal size is often
represented by its characteristic length. Rewriting the aggre-
gation functions in (7) and (8) in terms of the crystal length
gives29,31,32

BðL;tÞ¼L2

2

ZL
0

bððL3�k3Þ1=3;kÞf ððL3�k3Þ1=3;tÞf ðk;tÞ
ðL3�k3Þ2=3

dk (9)

DðL; tÞ ¼ f ðL; tÞ
Z1
0

bðL; kÞf ðk; tÞ dk; (10)

where B(L,t) and D(L,t) are now the birth and death rates of
crystals of size L due to aggregation, respectively, and b(L,k)
is the coalescence kernel for crystals of length L and k.

These birth and death rates appear as source-sink terms
within h(L,t,f). The coalescence kernel can assume several
forms. A size-independent aggregation kernel is simply a
constant b0, while size-dependent kernels are given by.27,33,34

bðv; eÞ ¼ b1ðvþ eÞ (11)

when volume is the internal coordinate, or

bðL; kÞ ¼ b1ðL3 þ k3Þ (12)

when length is the internal coordinate. The total cost of com-
puting the aggregation birth and death rates as in (7) and (8)
at each time step using the standard second-order Simpson’s
rule35 is O(N2), where N is the total number of grid cells.
The evaluation of the birth term also scales linearly with the
crystal size v or L, due to the integration upper limit.

Since the cost of a high-resolution update is O(N) at each
time step, the integral evaluations dominate the simulation
time in aggregating systems. To reduce the computational
cost, the ParticleSolver software computes the birth rate
according to the equivalent formulation:

Bðv; tÞ ¼
Zv=2
0

bðv� e; eÞf ðv� e; tÞf ðe; tÞ de: (13)

In addition, if the coalescence kernel is a polynomial func-
tion of the internal coordinate, then the death rate can be
written as functions of the moments of the distribution. By
computing the moments only once at each time step, the total
cost of evaluating the aggregation death rate reduces to
O(N). However, these reductions still do not lead to a change
in the order of the computational cost, which motivates the
parallel implementation of the high-resolution method.

Parallel High-Resolution Algorithms

As with any parallel programming implementation, the
simulation speedup depends on the computational load bal-
ancing across the processors. For homogeneous PBEs, the
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computational load for each grid cell is the same, and thus
the computation distributes evenly among the processors.
Nonhomogenous source-sink terms in PBE are typically inte-
gral functions of the distribution (e.g., nucleation, aggrega-
tion), and the evaluation of these integral functions can lead
to varying computation load across the grid cells. In the case
of aggregation terms as described in the previous section, the
load increases linearly with the grid cell index. In our imple-
mentation, the computation is distributed such that the load
is incrementally higher with increasing processor rank in the
first half of the size range, and is incrementally lower with
increasing rank in the other half, as explained in the pseudo-
code later.

The second consideration is the management of communi-
cation among the processors. A master-slave parallel para-
digm is taken such that the master processor is responsible in
collecting the result of one time-marching simulation from
each slave processor and broadcasting the complete set of fmn
back to the slave processors for the next time update. If there
exist other ordinary differential equations, such as those asso-
ciated with mass balances, the time-marching calculation will
be done by the master processor and then broadcasted to the
slaves. The communication from the slaves to the master is
split into two as shown in the pseudo-code below, to avoid
overloading the network bandwidth.

The pseudo-code of the HRFV time-marching algorithm in
the parallel implementation for NS slave processors and N
total grid cells run for each time step is

if ðin the Master processorÞ
receive from Slaves

update f mn
perform time-marching algorithm for other ODEs

ðe:g:;mass balancesÞ
update other variables ðe:g:; concentrationsÞ

else if ðin a Slave processor of rank rÞ
for grid cell index ¼ r to N=2 by Ns

fperform HRFV time�marching of f mn in the rangeg
send updated f mn to Master

for grid cell Index ¼ N � r to N=2 by Ns

fperform HRFV time-marching of f mn in the rangeg
send updated f mn to Master

end if

broadcast and receive f mn and other variables from

Master to Slaves

For aggregating systems, the first for-loop in the pseudo-code
allocates linearly increasing computation load to higher
ranked slave processors. Conversely, the second for-loop
assigns increasing load to lower ranked slaves. Such balanc-
ing provides nearly equal computation load among the pro-
cessors for constant and linearly increasing or decreasing
computational load. Since the higher ranked slave will take
increasingly longer simulation time in the first for-loop, the
communications from the slaves to the master will happen in
the rank-ascending sequence. Conversely, the communica-

tions in the second for-loop will happen in the rank-descend-
ing sequence due to the reversal in the load assignment. All
these were necessary to avoid overloading the network band-
width, where all slaves simultaneously send the updated fmn to
the master. Compared to the standard parallel implementation
[e.g., using simple OpenMP on the time-marching algorithm
in (6)], this combination of load balancing and communica-
tion bandwidth management leads to nearly perfect speedup
with the number of processors.

Numerical Examples

Numerical examples demonstrate the accuracy and speed
of the HRFV methods in simulating various PBEs arising in
the modeling of aggregating systems and batch crystalliza-
tion. The first example is used to verify that the numerical
algorithms accurately and efficiently simulate a simple model
for aerosol coagulation and condensation, which has an ana-
lytical solution. This is followed by a more complicated PBE
for gold nanoparticle formation which includes nucleation
and Brownian aggregation, and a crystallization with time-
varying shape distribution used to compare HRFV methods.

Example 1: A simple model for aerosol coagulation
and condensation

For particles that simultaneously grow and aggregate at
constant rates G0 and b0 with the initial distribution:

f0ðvÞ ¼ N0

v0
ev=v0 ; (14)

the analytical solution to the PBE is34:

f ðv; tÞ ¼ M2
0=M1

1� 2Kv0
N0�M0

M1

� � exp �
M0

M1
v� 2Kv0

N0

M0
� 1

� �� �
1� 2Kv0

N0�M0

M1

� �
2
4

3
5;
(15)

where

M0 ¼ 2N0

2þ b0N0t
;

M1 ¼ N0v0 1� 2G0

b0N0v0
ln

2

2þ b0N0t

� �� �
; and

K ¼ G0

b0N0v0
: ð16Þ

Figure 1 compares the distributions computed by the high-re-
solution, upwind, and Lax–Wendroff methods using the sim-
ulation parameters in Table 1. The upwind method produced
a smeared distribution, whereas the Lax–Wendroff method
produced nonphysical oscillations for volumes below the dis-
continuity at 0.01 lm3. As expected from theory,11 the high-
resolution method has lower numerical diffusion than the
upwind method and lower numerical dispersion than the
Lax–Wendroff method. This is consistent with a past study
for this PBE.15

Using an IBM BladeCenter computing cluster with 112
processors, the parallel HRFV algorithm initially achieved a
linear speed-up (Figure 2a). This is consistent with the nearly
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perfect allocation of integral calculations among the slave
processors. The speed-up becomes sub-linear with increasing
number of processors ([20 processors) due to the increased
communication load, as expected for the distributed memory
architecture of the linux cluster. Nevertheless, the parallel
code achieves ;90% speed-up efficiency up to 60 process-
ors, and ;80% efficiency to 100 processors. The run-time
reduced from 38 min on a single processor to 30 s using 100
processors on the linux cluster, which is certainly fast enough
to use in optimization algorithms for parameter estimation or
process design. Even better speedup improvements would be
obtained using a supercomputer with shared memory, which
would reduce the communication overhead.

Example 2: Gold nanoparticles formation by citrate
method

Gold nanoparticles can be synthesized through the reduc-
tion of tetrachloroauric acid (HAuCl4) by trisodium citrate.36

The gold particles grow in size mainly due to disproportiona-
tion of aurous chloride and coagulation of nanoparticles. A

model of this process was previously presented in which the
PBE describes the distribution of particle volumes.37 Here,
an alternative PBE is derived to give the distribution of radii.
The model describes the gold particle formation and growth
processes according to:

T þ C���!kc M þ S ðreductionÞ
3M�����!kh

particle
T þ particle mass ðdisproportionationÞ

3M���!kN;s
nucleus þ T ðnucleationÞ

S���!ks D

Dþ 4T���!kd 4M þ other products ð17Þ

where the notation follows the original publication: T, C, M, S,
and D denote the auric, citrate, aurous, dicarboxy acetone, and
acetone species, respectively. The corresponding PBE with
respect to the distribution of particulate radii is given by

Figure 1. Comparison of the simulated particle distri-
butions for constant growth and aggregation
using the high-resolution (HR), upwind, and
Lax–Wendroff (LW) methods (Example 1).

The high-resolution profile (HR) is both the serial and the
parallel high-resolution numerical distributions with the
simulation parameters in Table 1). The HR method used
the van Leer limiter.

Table 1. Simulation Parameters in Example 1

Variable Description

Parameter
Values

in Example Units

Dt Time step size 1025 s
Dx Grid cell size 1023 lm3

N0 Number of crystals 100 dimensionless
v0 Mean volume of charge 1 lm3

b0 Size-independent
coalescence kernel

1 1/s

G0 Side-independent growth
constant

1 lm3/s

Figure 2. The speed-up of the parallel high-resolution
algorithm and the corresponding run time for
(a) Example 1 and (b) Example 2, using an
IBM BladeCenter high performance comput-
ing (HPC) linux cluster with Intel� Dual Xeon
Quad-Core 1.6 GHz processors (112 total).

The dotted line represents perfect speed-up.
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@f ðr; tÞ
@t

þ @

@r

1

2pq
kh½M�f ðr; tÞ

� �

¼ 2kn½M�3½S�2dðr � r0Þ � f ðr; tÞ
Z1
r0

qðr; r0Þ
W

f ðr0; tÞ dr0

þ 1

2

Zr

r0

qðr � r0; r0Þ
W

f ðr � r0; tÞf ðr0; tÞ dr0 ð18Þ

where r and r0 denote the nanoparticle and nucleus radius,
respectively, and q is the molar density of gold. The coagula-
tion kernels are given by the Brownian collision frequency

qðr; r0Þ ¼ 2kH
3l

1

r
þ 1

r0

� �
ðr þ r0Þ (19)

and the coagulation efficiency

log W ¼ 0:0056

�9½fþ 1:5ð1� fÞ� logð3½C�0 þ ½T�0Þ þ 27:5; (20)

where k is the Boltzmann constant, Y is the temperature, l is
the viscosity, and the factor f is the fraction of area on the
nanoparticle that is occupied by gold ions:

f ¼ 1

1þ 0:1 ½C�
½M�þ½T�

(21)

In addition to the PBE, the mass balance equations for T, C,
M, S, and D are given by

d½T�
dt

¼ �kc½C�½T� � kd½D�½T� þ kh½M�
Z1
r0

r2f ðr; tÞ dr

þ knq
4

3
pr30

� �
½M�3½S�2

d½C�
dt

¼ �kc½C�½T�

d½M�
dt

¼ kc½C�½T� þ kd½D�½T� � 3kh½M�
Z1
r0

r2f ðr; tÞ dr

� 3knq
4

3
pr30

� �
½M�3½S�2

d½S�
dt

¼ kc½C�½T� � ks½S�
d½D�
dt

¼ ks½S� � 1

4
kd½D�½T� ð22Þ

with the initial conditions [T] 5 [T]0, [C] 5 [C]0, and [M] 5
[S] 5 [D] 5 0. The model parameters are listed in Table 2
according to the previously published values.37

Figure 3 compares the predicted average diameter of the
gold nanoparticles with experimental data, as a function of
the ratio of citric acid to gold concentrations. The simula-
tions were performed until 99% of the gold ions in solution
were reduced to nanoparticles. The result is in good agree-
ment with the original publication based on particle volumet-
ric size (see Figure 3 in the article by Kumar et al.37). Again,
the parallel HRFV implementation provided a good scale-up
with ;80% efficiency at 100 slave processors, reducing the
simulation time from 70 min on a single processor to less
than 1 min, as seen in Figure 2b. This speedup would permit
the optimization of process conditions (e.g., [T]0, [C]0, and
temperature) to accomplish the desired nanoparticle size dis-
tribution, which is not practically feasible on a single PC
workstation.

Further, seeded batch simulations were performed with 10-
nm seed particles at a concentration of 2 3 1025 M of gold
until 99% of the gold ions in the solution were reduced to
form nanoparticles. Two combinations of Dx and Dt were
used to compare simulation accuracy. This problem is chal-
lenging in its simulation due to significant nucleation coupled
with Brownian aggregation, and severe discontinuity caused
by the seed distribution, which is a Dirac delta function at 10
nm. As shown in Figure 4, the predicted distribution from
the lower resolution simulation misses the sharp peaks of the
higher resolution simulation. The predicted average diameters
from the two simulations differ only by 0.22% (17.973 nm
vs. 18.013 nm).

Example 3: Crystallization with time-varying shape
distribution

The purpose of this example is to compare the perform-
ance of different HRFV algorithms for simulating a PBE

Table 2. Simulation Parameters in Example 2

Variable Description
Parameter Values

in Example Units

Dt Time step size 2 3 1024 s
Dx Grid cell size 2 3 1029 cm
kc Reduction by citrate 1.25 3 103 1/(M s)
kh Disproportionation 6.5 3 1025 L/(cm2 s)
kn Nucleation 1.0 3 1033 1/(M5 L s)
ks Acetone formation 1 1/s
kd Reduction by acetone 4 3 102 1/(M s)
q Gold molar density 0.1 mole/cm3

R0 Nucleate size 2 3 1027 cm
Y Temperature 373.15 K
l Viscosity at Y 5 374.15 K 2.79 3 1024 Pa s

Figure 3. Average diameter of gold nanoparticles
formed by the citrate reduction method as
predicted by the PBE model, in comparison
to values reported in the literature.36,38–40

The simulations were performed with [T]0 5 3 3 1024 M
using the van Leer limiter.
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with multiple characteristic dimensions, which characterizes
a time-varying shape distribution. In this example, the distri-
bution of KDP crystals in Figure 5 in a batch crystallizer is
described by the PBE:

@f ðL1; L2; tÞ
@t

þ @fG1ðL1; L2; c; TÞfg
@L1

þ @fG2ðL1; L2; c; TÞfg
@L2

¼ B0ðc; TÞdðL1; L2Þ ð23Þ

where L1 and L2 are the characteristic length scales, c is the
solute concentration, and T is the solution temperature. The
growth rates depend linearly on crystal size and follow a
power law functionality with respect to the relative super-
saturation:

G1ðL1; L2; tÞ ¼ kg1
c� csatðTÞ
csatðTÞ

� �g
1

ð0:1þ 0:06L1Þ (24)

G2ðL1; L2; tÞ ¼ kg2
c� csatðTÞ
csatðTÞ

� �g
2

ð0:1þ 0:06L2Þ; (25)

where the kinetic parameters g1, g2, kg1, and kg2 listed in
Table 3 are based on experimental data.41 The nucleation
kinetics B0(c,T) follows a similar power law form

B0ðc; TÞ ¼ kbV
c� csatðTÞ
csatðTÞ

� �b

; (26)

where V is the total volume of crystals in the system and the
kinetics kb and b are in Table 3. The solution temperature is
gradually cooled according to:

TðtÞ ¼ 32� 4ð1� e�t=310Þ½oC� (27)

which lowers the saturated solute concentration42

csatðTÞ ¼ 9:3027 3 10�5T2 � 9:7629 3 10�5 T þ 0:2087

½ðg soluteÞ=ðg waterÞ� ð28Þ

As solute molecules move from solution into crystals, the
solute concentration decreases in time according to the mass
balance:

dc

dt
¼ �qc

Z1
0

Z1
0

f ðL1; L2; tÞð2G1ðL1L2 � L21Þ

þ G2L
2
1Þ dL1 dL2: ð29Þ

Figure 4. Size distribution of gold nanoparticles by the
citrate reduction method with seed particles
of 10 nm in size.

The high accuracy simulation used Dx 5 0.005 nm and Dt
5 1023 s, while the low accuracy simulation used Dx 5
0.05 nm and Dt 5 1022 s with both simulations using the
van Leer limiter. The simulations were performed with [T]0
5 3 3 1024 M and [C]0 5 1.5 3 1025 M until 99% of the
gold in solution has been incorporated into the nanopar-
ticles.

Table 3. Kinetic Parameters of KDP Batch Crystallization

Variable Value Units

b 2.04 dimensionless
kb 7.49 3 1028 particles/(lm3 s)
g1 1.48 dimensionless
kg1 12.1 lm/s
g2 1.74 dimensionless
kg2 100.75 lm/s

Figure 5. Characteristic lengths of KDP crystals.

Table 4. Numerical Accuracy of Numerical Algorithms in
Example 3

Methods Average Absolute Error

Upwind 5.2 3 1024

Lax–Wendroff 5.7 3 1024

High-Resolution Minmod 3.0 3 1024

High-Resolution Superbee 6.9 3 1025

High-Resolution MC 1.7 3 1024

High-Resolution van Leer 2.1 3 1024
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The seed (initial) CSD is

f ðL1; L2; 0Þ ¼
� 3:48 3 10�4ðL21 þ L22Þ þ 0:136ðL1 þ L2Þ � 26:6

0

for 18:05 lm � L1; L2 � 21:05 lm
elsewhere

(
(30)

The PBE has no known analytical solution, so the numeri-
cal accuracy was measured against a simulated CSD with
much smaller grid cells (DL1 5 DL2 5 0.05 lm). Table 4
reports the average absolute errors in the simulated CSDs for
moderate grid sizes (DL1 5 DL2 5 0.5 lm) for the upwind,
Lax–Wendroff and four HRFV methods, and Figure 6 shows
the CSDs for the HRFV methods. All of the HRFV methods
gave higher accuracy than the upwind and Lax–Wendroff
methods with the Superbee flux limiter providing the best ac-
curacy (Table 4). The upwind method gave much higher nu-
merical diffusion than the other methods, whereas the Lax–
Wendroff method gave good accuracy near the peak of the
CSD, but had numerical dispersion with nonphysical two-
dimensional oscillations for smaller length scales (plots not
shown). The Superbee HRFV method captured the shape the
best on average, whereas the MC and van Leer HRFV meth-
ods captured the roundness of the peak more effectively than
the Superbee method (Figure 6). While the van Leer limiter
has performed very well in many past applications of HRFV
methods,11,12 this application indicates that other HRFV
methods can give higher accuracy for some PBMs, which
motivates the inclusion of these alternative HRFV methods
into the ParticleSolver software.

Conclusion

Serial and parallel implementations of HRFV methods for

simulating general PBEs were presented. These methods pro-

vide second-order accuracy in the smooth region of the solu-

tion and accurate sharp-front tracking. For all examples in

this article as well as additional examples included with the

ParticleSolver software, all of the HRFV methods gave

higher accuracy than the upwind and Lax–Wendroff meth-

ods. While the van Leer limiter has performed well in many

past applications of HRFV methods,10,11 application to a

PBM for a crystallization with time-varying shape distribu-

tion indicated that other HRFV methods can give higher

accuracy for some PBMs. For PBMs of aerosol coagulation

and condensation and the formation of gold nanoparticles by

nucleation, disproportionation, and coagulation, the parallel

high-resolution subroutine provided nearly linear speedup

which enables the direct incorporation of PBEs into numeri-

cal algorithms that require iterative model calculation such

as in most algorithms for parameter estimation and process

design. The ParticleSolver subroutines are available for use

as a stand-alone code or for incorporation into more compli-

cated process simulations and optimizations.

Figure 6. Comparison of the crystal size distributions from the high-resolution (a) Minmod, (b) Superbee, (c) MC,
and (d) van Leer methods using moderate grid sizes DL1 5 DL2 5 0.5 lm at t 5 80 s (Example 3).
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Appendix

The simulations in this article were performed using the
ParticleSolver software, which consists of Fortran 77 serial
and parallel implementations of the HRFV algorithm with
various flux limiters, as well as the upwind, Lax–Wendroff,
and other non-HR methods (see Table A1). The solver pro-
vides one- and two-dimensional implementations of the
HRFV methods with Godunov’s splitting, and a one-dimen-
sional parallel programming implementation based on the
message-passing interface (MPI). The parallel implementa-
tion makes use of the master-slave programming model as
described above, in which the master processor performs
data gathering and concentration updates, while the slave
processors carry out the high-resolution time-marching com-
putations. The subroutines apply to general PBEs by replac-
ing the various kinetics terms in the subroutines. These sub-
routines were developed and tested using the free distribution
of Microsoft Fortran Developer and GNU Fortran g77 with
OpenMPI.

The serial subroutines FV1D and FV2D provide one and
two-dimensional HRFV implementations, respectively. These
subroutines are declared as
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SUBROUTINE FV1D ðdelx; delt; tstep; ncell; f; C;

method; xinit; tinit; initszÞ
SUBROUTINE FV2D ðdelx1; delx2; delt; tstep;

ncell1; ncell2; f; C; method; xinit1; xinit2;

tinit; initsz1; initsz2Þ
The parallel subroutine PFV1D derives from FV1D with

additional arguments associated with the message-passing

interface:

SUBROUTINE PFV1D ðdelx; delt; tstep; ncell; f; C;

method; xinit; tinit; initsz; ierr; myrank; numprocsÞ

Table A1 defines each input variable in the subroutines. At
each call, the subroutine performs the high-resolution time
marching algorithm in (6) using the starting particle distribu-
tion f from time tinit to time tinit 1 tstep 3 delt with the
selected flux limiter function according to the variable
method. User input functions define the velocity function G,
the source function h, the nucleation function (optional), and
the solute concentration derivative function (optional). The
last two functions are typically used in the simulation of
crystallization processes (see Example 3). Other user-defined
functions should adhere to the format presented in Table A2.

Manuscript received Jun. 26, 2007, and revision received Feb. 18, 2008.

Table A1. Variable Definition in ParticleSolver

Variable Description Comment

delx, delx1, delx2 Grid cell size The numbers 1 and 2 in here and in other variables refer to each independent
internal coordinates.

delt Time step size
tstep Number of time steps
ncell, ncell1, ncell2 Number of grid cells
f Particle distribution vector The vector f contains fmn defined in (5)
C Solute concentration Optional variable for crystallization process. Setting C to –1 will deselect C

tracking.
Method Flux limiter selector Method 5 1: Upwind

Method 5 2: Lax-Wendroff
Method 5 3: Beam-Warming
Method 5 4: Fromm
Method 5 5: Minmod (HR)
Method 5 6: Superbee (HR)
Method 5 7: MC (HR)
Method 5 8: van Leer (HR)
(HR: high resolution)

xinit, xinit1, xinit2 Smallest internal coordinate
tinit Initial time
initsz, initsz1, initsz2 Size of nucleating crystals Optional variable for crystallization process. Setting these to –1 will deselect

nucleation tracking.
ierr MPI error code
myrank Processor rank
numprocs Number of processors

Table A2. User-Defined Functions

Description Format Comment

Velocity (growth) 1D: GROWTH (x, t, C) x, x1, x2: coordinate values
2D: GROWTH1 (x1, x2, t, C) t: time
GROWTH2 (x2, x2, t, C) C: solute concentration

Source 1D: SOURCE (n, t, f, delx, ncell, C) n: 1D grid cell index
2D: SOURCE (I, J, t, f, delx1, delx2, ncell1, ncell2, C) I, J: 2D grid cell index

Nucleation 1D: NUCLT(t, f, delx, ncell, C) optional, the nucleus size is set in the variables
initsz, initsz1, and initsz2 accordingly.2D: NUCLT(t, f, delx1, delx2, ncell1, ncell2, C)

Mass balance 1D: DCDT (t, C, f, delx, ncell, xinit, initsz) optional, for use when the velocity and source
functions depend on other concentration(s).2D: DCDT (t, C, f, delx1, delx2, ncell1, ncell2, xinit1,

xinit2, initsz1, initsz2)
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